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Given amatrix A € and a non-zero vector v & (CN:

Kn(A,v) = span{v, Av, --- , A™ 1o}




ARNOLDI'S METHOD

[ ARnoLDI, 1951 ]






= Orthonormal basis V; of IC; AV; = V; H; + hit1,vi11 e;r
= Partial reduction to upper

Hessenberg form or
= Ritzvalues: H; y; = 0, y;
AV, =V H,

= V*AV;, = H;
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RATIONAL KRYLOV SEQUENCES

[Rune, 1984], [Runwe, 1994], [Runwe, 1998]



Given a matrix pencil (4, B) € C"*" and a non-zero
vectorv € C":

span{v, Siv, S1S5v, -- -} with







= Partial reduction to upper
Hessenberg pencil (L, K)

= Poles: —3; /o

AVig K; =BVi L,

with
Ei — I_{z' Da,i _ Ii D%i
Li — _ﬂi Dﬂ,i _I_Iz' D5,i

J




Arnoldi:

¢ (a,B,7,6) = (011,0)
-Sz:(OA+1I) L(1A4 + 0I)




Shift-and-invert Arnoldi:

° (O‘a/Ba Y 5) — (]-7/8707 ]-)
e S; = (1A+ BI) 1 (0A + 1I)




Extended Krvlov:

e (o, B,7,6) = (0,1,1,0) for A
e (a,3,7,98) = (1,0,0,1) for A1
e ST =(0A+1I)"*(1A+0I)
e S— = (1A+0I)"*(0A+ 1)







Vit

\
e

XXX XX XXX
X X X X X XX

X X X X X X

[: X X X X X
E X X X X
X X X

[: X X
Lp 7

1

Vit

[:
Ly

XXX XX XXX
X X X X X X X
X X X X X X

[: X X X X X
[: X X X X
[: X X X

X X

Lp 7>

1







Vi

+1

XX XX XXX

X XXX X X
[: X X X X X
X X X X

X X X

[ o xx

[:X

OX XX XXX XX

Vi

+1

(

XX XXXXXX
XX XX XXX
X X X X X X

[: X X X X X
[: X X X X

X X X

X X
(o




Structure in projected counterpart
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SORENSEN'S IMPLICITLY RESTARTED ARNOLDI METHOD (IRA

[ Sorensen, 1992 ]



As Arnoldi's method proceeds:

m cost of orthogonalisation increases
= new basis vector needs to be stored
= cost of computing Ritz values increases




Implicit restart of the iteration:

H—-—pl=[Q q

H— Q" HQ;i
V+VQ




Implicit QR step on the factorised Hessenberg matrix by
chasing the rotations [ VanbeeriL, 2011 ]

= Optimal computational complexity
= Multiple shifts at once or tightly packed shifts




= implicit Q-theorem [Francis, 1961 ]
= elementary operations with Givens rotations










ROTATIONALLY IMPLICITLY RESTARTED ARNOLDI METHOD (RIRA

An example



E X X X X X
X X X X

EE ogege

0







X X X X X
X X X X
X X X

E X X
X







E X X X X X
X X X X

4 EE XX X

b







;
¢

3

X X X X X
X X X X

by

X X X
X X




;
4

;

X X X X X
X X X X

I;) XXX
b







;

;
3

X X X X X

3

X X X X
X X X
X X










;

;

X X X X X
X X X X

;
3

3

X X X
X X




;

X X X X X
X X X X

"
(T

o

XXX

-




;

;

X X X X X
X X X X

-

X X X
X X




XXX XXO




ROTATIONALLY IMPLICITLY RESTARTED EXTENDED KRYLOV
RIREK

An example for

span(v, Av, A=t v, A?v, A vA 2 v, AP v, A% v, A% v)



STEP 1: TRANSFORM THE PENCIL T0 SUITABLE COMPRESSED FORMAT

Two options:

= |eft removal of K rotations
= right removal of K rotations



(L, K)
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STEP 2: PERTURB THE PENCIL AND CHASE THE PERTURBATION DOWNWARDS




Chasing procedure

> X X X X X X X X (I X X X X X X X X l
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Chasing procedure
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(L, K)
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Chasing procedure

> X X X X X X X X XXX XXX XX

5 X X X X X X X X X X X X X X
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Chasing procedure
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Chasing procedure
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Chasing procedure
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Chasing procedure
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Chasing procedure

> X X X X X X X X XXX XXX XX
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(L, K)
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BRUSSELATOR MODEL
[DE SamBLANX, 1997 ]

ou Dy [ d°u 0%*u 5
o~ 12 |oxe Tavz|  (BrlutuvtO

ov D,[ 0% 0% 20 B
ot I?|oxZ  ayz| “UTPH

u, v: concentrations of two reactants
homogeneous Dirichlet boundary conditions

discretised with central differences
parameters: B = 5.45,C =2,D, = 0.004, D, = 0.008and L = 1 y
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Conclusion Outlook

= Krylov methods: Arnoldi & RKS = Generalise to fully rational Krylov
= Implicit restart of Arnoldi & EK in sequences
an implicit manner: = Applications
= optimal computational I
complexity

= multi-shift REFERENBES

= unitary operations



