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Standard eigenvalue problem (SEP)

Definition SEP

° A 6 (Can
e (), x) is called an eigenpair of A if

Ax = A\x.

Computational complexity of Francis' QR: O(n?)

n CPU time
103 ls
104 17 min

10° | 11.6 days
10° | 32 years
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Polynomial Krylov methods for the SEP

Consider the sequence of ¢ + 1 vectors:
v,Av, A%y, ... Ay,

Assume 1 < ¢ < n such that the vectors become linearly dependent.

Then
EpEPg:p(A)v:aov+alAv—|—...+agAév:O with a; # 0
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Polynomial Krylov methods for the SEP

If we factorize:

¢
p(Av=A-MD]J(A- Xl v=(A= l)x =0
=2

=- we can prove that the ¢ roots of p are eigenvalues of A

Definition polynomial Krylov subspace
e AcC™" and v € C"

e The Krylov subspace of order m + 1:

Km+1(A,v) =span{v,Av,... ATv}
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Polynomial Krylov methods for the SEP

e m=1/{:
- Kmy1 invariant subspace of A
- Kmy1 contains m eigenpairs
e m< {:
- Kmy1 often contains accurate approximations to some eigenpairs of A.

Assume A = AT € R™". Suppose |\1]> |\2| with eigenvector x;. Then
Ao k)

||Akv —x1/|=0 ( N

= this rapidly becomes a very ill-conditioned basis!
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Polynomial Krylov methods for the SEP (Arnoldi, 1951)

Solution: create a basis of Kp, 41 with the best possible condition number (= 1)

m=0,Ki, vi=v/|v|

m=1" ]Cz ! Vi h11 = vl*Avl h21V2 = AV1 — h11V1



Polynomial Krylov methods for the SEP (Arnoldi, 1951)

Solution: create a basis of Kp, 41 with the best possible condition number (= 1)

m:kwICkHw Vi ... Vg
[ [
! ! hye = VkAVk



Polynomial Krylov methods for the SEP (Arnoldi, 1951)

Solution: create a basis of Kp, 41 with the best possible condition number (= 1)

At step k:

Avi = hyvi + .o 4 Vi + hia ki (%)



Polynomial Krylov methods for the SEP (Arnoldi, 1951)

Solution: create a basis of Kp, 41 with the best possible condition number (= 1)
At step k:

hik

AVk: Vi ... Vi Vi : (*)
hik

hit1,k



Polynomial Krylov methods for the SEP (Arnoldi, 1951)

Solution: create a basis of Kp, 41 with the best possible condition number (= 1)

Combining all m steps:

A Vm — Vm+1 ﬂm



Polynomial Krylov methods for the SEP (Arnoldi, 1951)

Solution: create a basis of Kp, 41 with the best possible condition number (= 1)

Combining all m steps:

A Vm — Vm—|-1

Column k satisfies Eq. (%)
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Polynomial Krylov methods for the SEP

How to extract eigenpairs from KCp,17

= Compute the Ritz pairs:

Hpnz=92z

Ritz pairs (¢, x) = (9, Vi, 2)

Link between iterative and direct methods

Hp, upper Hessenberg matrix = Francis' implicitly shifted QR




Implicitly shifted QR (Francis, 1961, 1962)

A = A=Q*AQ
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Implicitly shifted QR (Francis, 1961, 1962)

@) Qo

A

Q() e = Oz(A — Ql)el
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Generalized eigenvalue problem (GEP)

Definition GEP

e A BeCMr<n
e The triplet («, 3, x) is called an eigentriplet of (A, B) if:

B Ax = a Bx.
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Rational Krylov methods for the GEP

A Kmi ‘ v,Av,....AMv
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Rational Krylov methods for the GEP

A Km1
(A,B): Kmi1

v,Av,....AMv
v,B7lAv,... (B tA)™v
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Rational Krylov methods for the GEP

A: Kmi1 | v,Av,...,ATv
(AB): Kmi1 | v,B 1Av,... (B 1A)™v
(A,B): Qmi1 | viMiv,... , Mpw
The Mobius transformation of (A, B) with pole §; = —f;/a; and zero o; = —6;/7i:

M; = (A + B;iB) (A + §:B) (%)

This leads to a subspace of rational functions in (A, B) with a fixed denominator.

13



Rational Krylov methods for the GEP

Special choices for (&) :

e Polynomial Krylov: M = B~ A with pole at £ = co
e Extended Krylov: Either ¢ = co (M = B 'A)or ¢ =0 (M = A~!B)
e Shift-and-invert Krylov: A single, fixed ¢ (M = (A — ¢B)~1B)

14



Rational Krylov methods for the GEP

Motivation for using rational methods
30

25| a
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Motivation for using rational methods
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Rational Krylov methods for the GEP

Motivation for using rational methods
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Rational Krylov methods for the GEP

Motivation for using rational methods
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Rational Krylov methods for the GEP

Rational Arnoldi's method (Ruhe, 1998)

AVini1 Ky = B Vi1 Ly,

16



Rational Krylov methods for the GEP

Rational Arnoldi's method (Ruhe, 1998)

X
I~

A Vm+1 — B Vm+1
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Rational Krylov

Rational Arnoldi's method (Ruhe, 1998)

o D

A Vm+1 e B Vim+1 &

*(Abuse of) notation: f+1.i/ku,; = &

17



Rational Krylov methods for the GEP

How to extract eigenpairs from Q117

= Compute the Ritz pairs:

Lmz=9Kn,z

Ritz pairs (¢, x) = (9, Vi1 K,, 2)

18



Rational Krylov methods for the GEP

How to extract eigenpairs from Q117

= Compute the Ritz pairs:

Lz =9Knz

Ritz pairs (¢, x) == (¢, Vin11K,, 2)

No immediate link between iterative and direct methods

(Lm, Km) is a pair of upper Hessenberg matrices = Moler & Stewart's implicitly
shifted QZ algorithm cannot directly be applied.

18



Implicitly shifted QZ (Moler and Stewart, 1973)

(A, B) - (AB)=Q*(AB)Z

NINNN
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Implicitly shifted QZ (Moler and Stewart, 1973)

A B
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A rational QZ algorithm







Rational QZ
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Rational QZ

Using the additional degrees of freedom Example 1
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Rational QZ

Example 1

Using the additional degrees of freedom
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Rational QZ

Using the additional degrees of freedom Example 1
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Rational QZ

Using the additional degrees of freedom Example 1
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Rational QZ

Using the additional degrees of freedom Example 2
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Conclusion and outlook

Conclusion:
Polynomial Krylov Rational Krylov
) )
Francis' QR algorithm Rational QZ algorithm
Outlook:

e Implicit steps of higher degree
e AED
o LAPACK-style software

Thank you

25
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